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Abstract. The Poisson entropy of an infinite-measure-preserving transfor- 
mation is defined in |13) as the Kolmogorov entropy of its Poisson suspension. 
In this article, we relate Poisson entropy with other definitions of entropy for 
infinite transformations: For quasi-finite transformations we prove that Pois- 
son entropy coincides with Krengel's and Parry's entropy (Theorem 19.11 1. In 
particular, this implies that for null-recurrent Markov chains, the usual for- 
mula for the entropy —^qiPijlogpij holds for any definitions of entropy. 
Poisson entropy dominates Parry's entropy in any conservative transforma- 
tion (Theorem 15.21 1. Wo also prove that relative entropy (in the sense of [2]) 
coincides with the relative Poisson entropy (Proposition 17. l) . Thus, for any 
factor of a conservative transformation, difference of the Krengel's entropies 
equals difference of the Poisson entropies. In case there exists a factor with 
zero Poisson entropy, we prove the existence of a maximum (Pinsker) factor 
with zero Poisson entropy. Together with the preceding results, this answers 
affirmatively the question raised in [l] about existence of a Pinsker factor in 
the sense of Krengol for quasi-finite transformations. 



1. Introduction 

The basic question considered in this paper is the following: Is there a "natural" 
entropy theory for infinite-measure-preserving dynamical systems? Both Krengel 
[9] and Parry defined notions of entropy for measure-preserving transforma- 
tions, which elegantly generalize Kolmogorov's entropy of a probability-preserving 
transformation. It is still an open question whether, for any conservative measure- 
preserving transformation, Parry's definition of entropy coincides with Krengel's. 
However, there are known sufficient conditions on a system for these two numbers 
to coincide, and Krengel's entropy dominates Parry's entropy in general. 

In the present paper, we relate Parry's and Krengel's definitions of entropy with 
Poisson entropy, which is the Kolmogorov entropy of the Poisson suspension, an 
approach previously taken in [13] . The main question here is whether Poisson 
entropy is equal either to Parry's entropy or to Krengel's entropy (or both) for any 
conservative measure-preserving transformation. We are yet unable to completely 
solve this question in full generality, but we give many intermediate results. In 
particular, we show that Poisson entropy dominates Parry's entropy in general 
(Theorem I5.2|) . and that equality of all three definitions of entropy holds for many 
classes of transformations. 

As a consequence, we obtain an intuitive expression for the entropy of Poisson- 
suspensions of null-recurrent Markov chains. We thus correct a mistake in [6], 
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where it was claimed that the entropy is always infinite for Poisson suspensions of 
null-recurrent Markov chains. 

We prove that Poisson entropy is equal to Parry's entropy and Krengel's entropy 
in the following cases: quasi- finite transformations (Theorem I9.1[) and rank-one 
transformations (Proposition 110. 1[) . We also prove that relative entropy (in the 
sense of [2] ) coincides with relative Poisson entropy (Proposition I7.1|l . We prove 
that Poisson entropy is a linear functional, just as Krengel's entropy and Parry's 
entropy. 

In section [TU] we give a spectral criterion for zero Poisson entropy, which was pre- 
viously shown to imply zero Parry entropy. In Section [TTl among other results, we 
prove the following dichotomy for ergodic quasi-finite infinite measure-preserving 
transformations: either it is remotely infinite or there exists a maximum (Pinsker) 
factor with zero Poisson, Krengel and Parry entropy. The proof relies on the ex- 
istence of perfect Poissonian cr-algebra and illustrates the interest of using Poisson 
suspensions to derive results in infinite-measure-preserving ergodic theory via the 
far more developed finite-measure-preserving case. We also state and prove a strong 
disjointness result in terms of Poisson suspensions. 

Acknov^fledgement: T.M. would like to thank his Ph.D. advisor. Professor Jon 
Aaronson, for his guidance throughout this work. The authors thank A. Danilenko 
and D. Rudolph for making their paper [5] available prior to its publication. 



The Poisson suspension (X* , B* , ^* ,T^) ofastandard, cr-finite invertible measure- 
preserving transformation (A, B, fi, T) is a canonical method of associating a probability- 
preserving transformation to a cr-finite-measure-preserving transformation. Infor- 
mally, it is a system of non-interacting "identical" particles in A, each of which 
propagates according to the transformation T , and such that the expected num- 
ber of particles in a set A ^ B is determined by /i(^). Poisson suspensions have 
been studied in mathematical physics as well as in ergodic-theory and probabilistic 
contexts [3 d El [M [17] and recently in [13] and [H]. 

There are various ways to describe a Poisson suspension. Here is one: Let A* 
denote the space of measures on A, and let B* denote the cr-algebra generated by 
the collection of sets 



The probability measure /i* on (A*,yB*) is uniquely defined by requiring that 
measures of disjoint sets be independent and that the measure of each set A £ B 
be Poisson distributed with parameter ^j.[A): 



Any measure-preserving map T : (A, {Y,C,v) naturally gives rise to a 

measure-preserving map : {X* ,B* , {Y*,C*,v*) by T*7 = 7 o T-^ . If T is 

an endomorphism, the dynamical system (A*, B* , 11* ,T^) is the Poisson suspension 
of(A,6,^,T). 

Following [13j . the Poisson entropy of an infinite-measure-preserving transfor- 
mation is defined as the Kolmogorov entropy of the Poisson suspension. This 
definition gives rise to a new approach for the entropy theory of infinite-measure- 
preserving transformations. It retains basic properties of Kolmogorov entropy of 



2. Poisson suspensions and Poisson entropy 



(1) 




fi* {j{A) = fc) = e 



u(A) t^iA)'' 



fc! 
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finitc-mcasurc-prcscrving transformation: If S* is a factor of T , its Poisson entropy 
is less than the Poisson entropy of T (Poisson entropy is thus invariant under weak 
isomorphism), Poisson entropy of T" is \n\ times Poisson entropy of T . The defini- 
tion of Poisson entropy generahzes to infinite-measure-preserving amenable group 
actions. 

As proved in |13j , the Poisson entropy of a probability-preserving transformation 
is equal to its Kolmogorov entropy. Theorem 19.11 of this paper generalizes this 
fact: For any quasi-finite transformation, the Poisson entropy is equal to Parry's 
entropy and Krengel's entropy (this holds in particular for finite-measure-preserving 
systems). 

We recall that if (X, i3, ^, T) is conservative, there exists a unique partition of X 
into T- invariant sets Xi and X^o, which are the measurable union of finite (resp. 
infinite) ergodic components of ^. If ^ (^i) = then T is said of type IIqo and if 
(-'^oo) = 0, of type III. Only Hoo systems will be of interest for us since the IIi 
case reduces to the finite measure case. Moreover the possibility to be confronted 
to periodic behavior inside the IIi part brings annoying and uninteresting technical 
difficulties. 

A factor of T is a cr- finite sub-cr- algebra satisfying T~^!F = T . Observe that 
the trivial tr-algebra is never a factor of a Iloo-system. Remark also that, if T is of 
type IIoo, then: 

• [I'va continuous; 

• any factor of T is of type IIoo ; 

• any cr-finite sub-cr-algebra A satisfying T^^^A C A has no atom; 



We will require some notations and simple results about Poisson measures. For 
each A e B and N € X*, denote by N{A) : X* ^ N the random variable on the 
probability space {X* , B* , fi*) which is the (random) measure of the set A. If A has 
finite measure, N{A) is Poisson distributed with parameter fi{A). If fJ,{A) ~ oo, 
N{A) = oo /x*-almost surely. For a finite or countable partition a, we will denote by 
N{a) = {N{A))A(£a the random vector of Poisson random variables corresponding 
to a. By definition of Poisson suspension, the coordinates of N{a) are independent. 

If C C ;B is a (T-algebra, denote by C* := a(^{N{A) : A G C}j the sub-cr-algebra 
of B* generated by the Poisson random variables of C. For a measurable partition 
a of X, we write a* := {a{a))*, sometimes regarding this as a (not necessarily 
countable) partition of X*. 

It is intuitively clear that lack of atoms for a measure implies no "multiplicities" 
in the Poisson space of this measure. More formally, we have the following standard 
lemma: 

Lemma 2.1. Assuming there are no atoms of positive measure in (X^B,fj,), fi*- 
almost surely there are no multiplicities: 



• {X*,B*,fi*,n) is ergodic. 




Lemma 2.2. Let a, (3 be sub-a -algebras of B. Then 



(an/3)* = a* n/3* mod fi* . 
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Proof. Wc refer to [TS] for details about the Fock space structure of L'^{fi*) and the 
exponential 4> of an operator of L'^{^). For a cr-algebra ^, let tt^ denote the condi- 
tional expectation with respect to ^. It is shown in [15] that tTq,* = tt^ and irp* ~ np. 
Set H = {f (p) , TTaTTpf = /} and K = {g e L"^ (P^) , Tr^.Tr^g-S = g}- Von 

n 

Neumann theorem for contractions implies that (^Ta 7r;3)^ — > tt// in (/i) and 

n 

nX! (■^"*'^/3*)'' ^ ^-R" in (^m)- But TTaTT^/ = / is equivalent to iTaf = TTg/ = /. 

k=l 

n 

Therefore tth = T^anp- For the same reason, ttk = T^a'np* ■ Moreover, {T^aT^pf' 

k=l 

n n 

tends to = Tr(anpr- ^ut, for aU n, (tTqTT/j)'' = (tTq.tt/j. )*' thus, by 

k=l k=l 

uniqueness of the limit, i^a'np* = ""(an/g)*; that is, (a Pi 13)* = a* n (3* . □ 

In general, the equahty (Ci V C2)* = €{ VC2 does not hold. This is however true 
if the intersection of the cr-algebras is non-atomic. This is the concern of the next 
lemma (appearing also in [15j): 

Lemma 2.3. Let a, (3 and C be sub-a -algebras of B. Assume that C is a-finite and 
non-atomic. Then 

{Cy a\f 13)* = {Cy a)* M [Cy 13)* modfi*. 

Proof Obviously (C V a V /?)* D (C V a)* V (C V 

To complete the proof of this lemma, we must show that for any A E a, B £ P 
and C G C, the random variable N {A Ci B Ci C) is measurable with respect to 
(C V a)* V (C V P)* up to a /i*-null set. We can find a sequence (^„) of finite C- 
measurable partitions increasing to C. Assume C has finite measure. Then by 
Lemma 12.11 for almost every 7 G X*, we consider the smallest integer 71(7) such 
that for all E e Cn(7), 7 n C) = or 1. We have 

N{AnBr\C)^Y^ i{n(7)=/c} N (AnBnCnE) . 

fesN EeCk 

For E £ ^fc, set N' {E) min{N [An C n E) , N {B n C n E)). Obviously, 
N {AnB nC r\E) < N' {E). On the other hand, on the set {n (7) = fc}, N{EnC) = 
or 1, therefore N' (E) = 1 if and only if N {An B n C Ci E) ^ 1. 

Hence, we can write 

N{AnBnC) = Y, i{n(7)=fc} E {E) . 

But the right-hand side is measurable with respect to (C V a)* V (C V so the 
claim is proved when C has finite measure. In the general case, we can write C as 
the increasing union of finite-measure, C-measurable sets and get the result in the 
limit. □ 

A lemma of the same flavor, which applies to monotone sequences of tr-algebras, 
was proved in [T31, using the corresponding projections in L'^i^i) and L^(/x*). 

Lemma 2.4. Let {Bn}nen be a sequence of sub-a- algebras ofB. 
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(1) If {BnjneN is an increasing sequence, then V„eN '^rl = (VnGN'*^")*- 

(2) If {Bn}n<EN is a decreasing sequence, then flnsN'^n = iClneN^'^)*- 
The above equalities are modulo null sets. 

3. The Krengel entropy of a conservative measure-preserving 

transformation 

The Krengel entropy of a conservative measure-preserving transformation {X, B, /i, T) 
is defined in [9] as: 

hKr{X,B,fi,T):^ sup fi{A}h{A,BnA,fiA,TA), 

where J-'+ is the collection of sets in B with finite positive measure, fiA is the 
normalized probability measure on A obtained by restricting fi to B (1 A, and Ta ■ 
A A is the induced map on A. Recall that this map is defined by 

Ta{x) :=r*^(-)(a;), 

where (j>A{x) min{fc > 1 : T^{x) G A] is the first-return-time map associated to 
A. As soon as T is not purely periodic, Krengel proved that 

/iKr(^, B, fi, T) = n{A) h{A, Br\A, fiA,TA), 

oo 

where A is any finite-measure sweep-out set (i.e. a set such that (J T""^ = X), 

n=0 

which always exists when T is of type IIoo. 

The fact that Krengel's entropy extends Kolmogorov's follows from Abramov's 
formula. The latter states that when : 17 is an ergodic probability-preserving 
transformation on {Q,J-',p), and A Cz B, we have 

h{A,TnA,p{- 1 A),Sa) = -^h{n,j^,p,s). 

p{A) 

4. The information function of a measurable partition 

We describe here a generalization of Shannon's information function. This was 
previously studied by Klimko and Sucheston [8] and Parry [TJ: The information 
function of a partition a is given by 

[logTTRST) if < < oo, 

If,{a){x) := if ^(a(a;)) =0, 

[O if /i(a(a;)) = oo. 

By a{x) we mean the unique element in a which contains x. Similarly, given two 
partitions ai and a2, the conditional information is defined as 



(2) /^(ai I a2)(x) :-- 



' Itj,{-\a2{x)){oii)(x) if f^{a2{x) < oo), 

Iti(o:i W {{a2{x)),X \ a2{x)}j (x) otherwise. 



Note that the conditional information retains the following property from the 
finite-measure case (see 

(3) (^V ^'"j =/p(a)or-("-i) + ^/^ l^a yr^ j or^-("-i) 



In the sequel, we will need the following lemma (see Theorem 2.2 in (llj for a 
proof): 

Lemma 4.1. Let {fl,J-,p) be a probability space, a a measurable partition with 
H^{a) < oo, and {J-n}neN o,n increasing sequence of sub-a- algebras such that T = 
V„>i-^"- ^^en 

lii.{oi I Tn) ^ /^(a I T) 

in Li{Q,p) and p-a.e. 

When C and T) are sub-cr-algebras corresponding to partitions a and /3, we note 
I^{C) := I^ia) and J^(C | V) := /^(a | /3). 

Following Parry, if C and P arc d-finitc sub-cr-algcbras of B, we define the entropy 
of C by 

H^{C) / I^{C)dti 

JX 

and the conditional entropy of C with respect to P by 

H^{C I P) / /^(C I V){x)diJi{x). 
J X 

Since P is cr-finite, we have ii{(3{x) < oo) for /^-almost all x where (3 is the partition 
associated to P. Hence, 



JX 



Finite conditional entropy implies that /i-almost every atom of P intersects at 
most countably many atoms of C. 

The following lemma is useful for entropy estimates of a Poisson measure. 

Lemma 4.2. Assume that {X^B,^l) is a Lebesgue space where fi is continuous and 
infinite. LetV C C be a-finite sub-a -algebras ofB with no atom of positive measure. 
Then 

H^.{C* \V*)=H^{C\V). 

Proof. Note first that we can take C = B and by disintegrating fi with respect to 
P and using the fact that {X, B, ^) is a Lebesgue space with a continuous infinite 
measure, we can represent {X, B, fj) as {M. xY,A® y, fi), where A is the Borel a- 

algcbra and /i (Ai x A2) — / (A2) A (dx), X being the Lebesgue measure. Thus 

{X*,B*,fi*) takes the form ((R x Y)* , {A ® y)* , /i*). This latter Poisson measure 
has the form of a so-called marked Poisson process, namely, we can identify it with 
(R* X Y^,A* (g) y'^^,F) through the mapping G (R x F)* ^-> (7, {yt}^^^), where 

• 7 is the projection of on R: 7 = ^^'^ti(7)j with 

• • • < L„ (7) < • • • < t_l (7) < to (7) < < tl (7) < • • • < (7) < • • • 

• {yi)iez are defined by = ^^{Uh),y,)- 



Here P (Ci x C2) = P-y {C2) \* (^7) with = (Si^ziTT-tii-y)- The verification of 
Jci 

this fact amounts to evaluating the Laplace transform for a positive function / on 
RxY. 



= / cxpi^log( / 



exp (-/ {U{-f),y)) rrit^i^^) {dy)j | A* (^7) 

exp 1^ log cxp (-/(i, y)) mt (dy)^ d^ A* (^7) 
exp J jexp ^log cxp{-f {t,y))m,t (dy)^^ - l| 
exp ( {cxp{~f {t, y)) - l)mt{dy)] dt 



exp / (exp (-/ (z)) - 1) ^ (dz) 

IxY 



exp - / / (z) p (dz) fi* (dp) , 
ixvy \ Jrxy J 

which is the Laplace transform of the Poisson measure of distribution fi* evaluated 
at/. 

In this setting, we can rewrite iJ^;* (C* | P*) as 

/ dx*ij)Hp^{y^^)^ f dx*ij)Y,H„,,^iy)^ f dx*ij) f dj{t)H„,,iy), 

which is equal to 

[ dX{t)H,nAy) = H^{c\^^)■ 
JK 

□ 



5. Parry's entropy 

In this section we recall Parry's definition of entropy for a measure-preserving 
transformation, and prove that Parry's entropy is dominated by Poisson entropy. 
Parry defines the entropy of a measure-preserving transformation by 

/iPa(X,B,M,T) sup H^{C\T~^C), 

T-iCCC 

where the supremum is taken over all cr-finite sub-cr-algebras C oi B such that 
T~^C C C. For probability-preserving transformations, this definition coincides 
with the standard definition of Kolmogorov's entropy. 

The following theorem was proved by Parry (Theorem 10.11 in pT|). 

Theorem 5.1. Let {X, B, p,T) be a measure-preserving conservative transforma- 
tion. Then 

hpa{X,B,p,T)<hKriX,B,fl,T). 

Replacing Krengel entropy by Poisson entropy, we prove a similar result: 
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Theorem 5.2. Let {X, B, fi,T) be a Hoc transformation. Then 
hpa{X,B,^i,T)<h{X\B*,^i\T,). 

Proof. Let C C S be a sub-invariant cr-finite sub-cr-algebra, that is T^^C C C. Since 
B has no atom of positive /x-measure and C is cr-finite, the same follows for C, and 
so by Lemma 14.21 we know that 

H^{C\T-^C) = H^.{C* \T-^C*). 

Now it follows that 

sup H^{C\T-'C)< sup H^.{V\T-^V), 

where the supremum on the right-hand side is over all factors V C B* , which proves 
the theorem. □ 

6. An upper bound for the Poisson entropy 

Whenever the measure-preserving system {X, B, /i, T) is implicitly clear from the 
context, for any measurable partition a of X and — oo < i < j < +oo, we write 
al :~ Vfc=i T''a. We will assume from now on that T is an automorphism, that is 
T^^B = B with equality modulo /.t. Also, we write a = a'^^. 

We say that a countable partition a of X is local with core A e if 

A''' £ a and i/^ (a) < oo . 

In other words, a is a finite-entropy partition of a set A of finite measure, to which 
the complement of A is added. Note that a* is at most a countable partition of 
X*, since N(A) is finite /i*-almost surely. In |T] and [S] co-finite partitions were 
considered: With our terminology, these are finite, local partitions. 
For a partition a of A", define 

h{X,n,T,a) liminf-i/„(a""^). 

n—>OG fi 

In case /i is a probability measure and H^(a) < oo, this is equal to the Kolmogorov 
entropy of the factor generated by {T""a}^g. 

Lemma 6.1. Let (A, B, /i, T) be a Hoc transformation and let a be a local partition 
whose core A is a sweep- out set. Then we have 

lim sup l/x (a) : a e W T^'^a Ci t\ ^ 0. 

I fc=0 ) 

Proof. By considering the natural extension of (A, B, fi, T), we can assume that the 
transformation is invertible. Since A is a sweep-out set, the first-return-time map 
(pA is finite almost everywhere. We claim that the first-return-time map 4'a{x) = 
min{n > : T~^{x) £ A] for T~^ is also finite almost everywhere. Indeed, let 

C := {x e A : Vn > 0, T-'\x) i A). 

For all a: e A, the number of positive n's such that T"a; £ C is bounded by (/)A(a;), 
thus is finite almost everywhere. Since T is conservative, this implies that ^Ji{C) = 0. 

Choose fc e N so large that ^{A^^{(t)A{x) > k}) < e and yL{Ar\ [ip a{x) > k}) < e. 
For all n > 1, let 

Bn B n Tj'^B n • • ■ n TJ"B, 



where 

B -.^{x e A: (t)A{x) < k}. 

Wc claim that Hm„^tx) Ai(B„) = 0. Indeed, if Um„^oo /u(i?ri) > 0, then Boo 
Plj^^j Bn is a set of positive measure, T/i-invariant, and its first-return-time map 

(j>B^ is bounded by k. Then Boo U TBoo U • • • U T'^Boo is a set of finite positive 
measure which is T-invariant, which contradicts the hypothesis that {X, B, fi, T) is 

IIoo. 

We conclude that every a G Vj=o T'^^aC]!^ is cither contained in T^^[Ar\{(()A > 
k}] or in T"^ [^ n {tpA > k}] for some j G N, or a C i?„. If n is large enough, we 
get that /i(a) < e. □ 

Proposition 6.2. Let {X, B, fj.,T) be a Hoc transformation and let a be a local 
partition, whose core is a sweep-out set. We have 

h{X*,{a)*,^i\T^) < hiX,n,T,a). 
Proof. For any n > 1 and any p > 1, since ((q!q)*)^ ^ ~< {(^o~^^^^ ' have 

But i?^. (("o~^^*') ) = SaGaJ-i+p / (")) ^liere / (a;) is the entropy of a 
Poisson random variable with parameter x. An easy computation shows that 
/(e) ~ — eloge at the origin. By Lemma l6.ll sup^g^n-i+p^^^ /i(a) tends to 

as n tends to infinity. Therefore, (^(cKq"^^^) ) ('^o"^''^^) tends to 

infinity, and we get 

hm -H,, ((K)*)„"-^) <liminf " + ^ ] (^^'-^ ^ (X, ^, T, a) . 

Taking the limit in p, we obtain the desired inequality. □ 

7. Relative Poisson entropy 

Here C is an invertible factor {T^^C = C) of {X, B, fi,T). The relative entropy 
of T with respect to C is defined by 



(4) 



h{X,B,fi,T\ C) := sup lim -H^ I \/ T^'^a c] , 

(J n— >CX3 n \ ' / 
\fc=0 / 



where the supremum is taken over all countable partitions a with H^(a \ C) < oo. 

This definition of relative entropy, which is classical for probability-preserving 
transformations, was applied to cr-finite measure-preserving actions of countable 
amenable groups by Danilcnko and Rudolph [5] . 

Proposition 7.1. Let C be an invertible factor of a IIoo system (X, B, ^, T). Then 
the following quantities are equal: 

• h{X,B,^l,T I C) 



p 



lim lim —Ha y T C , where a„ ] B are a sequence of local parti- 



tions with a core A C which is a sweep out set and Hp, (ap | C) < c». 
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• sup Hf, {V I T-^V V C) (V a-finite) 

VCB.T-'^VCV 

• sup [V* I T-ip* VC*) fx* a-finite) 
. h{X*,B*,n*,T, I C*) 

• (A) /i (A, S n A, Ta \ C f] A) for any sweep-out set A <E C. 

Proof. Let a be a local partition whose core A G C is a sweep out set, and such 
that Hfj, (a I C) < oo. 

Cn-l \ n-1 

k=G ) k=0 \ j=k+l 

n— 1 / n—l—k 

k=o \ j=i ) k=a \ j=i 

k 



Since Hf, a\ \/T-^a V C tends to 



OO OO 



Cesaro averages gives 



-j/n— 1 \ I OO OO > 

lim -i/^ \/T-^a|c =i7^ \J a\\J T^^ aV C 



Now remark that, since A G C, /^ja \/T ^aVCl vanishes outside A and 



Y T-^a V C j r\A= 1^ Y V C j n A. Thus 



C50 



a 



\jT^^ayc \ r\A 



On the one hand, supTJ^^ a\ \/ T^-'a V C Ci A \ over countable partition of 
A such that if^ (a | C) H^^ {a \ C f) A) < oo equals /i (A, ;B n A, ^ia, Ta \ CnA). 
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On the other hand, "I V ^ C < sup H^{V\ T^^V V C) . There- 



fore, 

pL{A)h{A,Br\A,^iA,TA\Cr]A)<h{X,B,^i,T\C)< sup {V \ T-^V \J C) 

Now, since T is of type IIoo, observe that if I? is a sub-invariant cr-finite sub-cr- 
algebra of B, then T^^V is non-atomic. Wc thus have 

H^, {V I T~^V V TT-^C) 

= i?^ (X* Vtt^^C I T-ip Vtt-^C) 

= iJ^- ((PVtt^^C)* I (T^ipVTr^^C)*) byLemnm[ 



= Hf,. y(p V T-'^V V TT^^C)* I (T^ip V TT^^C)* 
= iJ^. (^P* V (T^^PVTr^^C)* I (T^^PVtt^^C)*) by Lemma [2j 
= H^,, (v* I (T-ipVTr^^C)* 



< H^, {V* \T-^V* \/ TT-^C*'^ 



Hence, 



sup {V I T-^V V C) 



< sup i?^ (P* I r-ip* VC*) < /i(X*,S*,/i*,T* I C*) 

Moreover, by taking an increasing sequence ap of countable partitions with core A, 
Hfj^ {ap \ C) < oo, such that ap O A 1 B H A, we have a* | B* and therefore 

/'n-l 



1 / 

/j(X*,S*,/x*,T, I C*) = hm hm -H^, W ^* 

p — >oon — >oo fi \ » 



a. 



\k=Q 



C* 



But 



\k=0 / \ \k=0 

<\h,. {^[\jT-^apyC 

= ii/J \/r-"ap|cJ by 
\fc=o / 



VC* 



Lemma 



<li{A)h{A,Br\A,iiA,TA \cr^A) 

by an earher computation. 

Putting things together, we can conclude that 

h{X\B\ii\T, I C*) < At (A) /i (A, i3n A, /iA,TA I cn A) 

which achieves the proof. 

The following corollary is an immediate consequence of Proposition 17.11 
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Corollary 7.2. Let {X,B, ij,,T) be alloc system. 

(1) // there exists some factor for which the Poisson and the Krengel entropy 
are equal, then the Poisson entropy of {X, B, fj.,T) is equal to its Krengel 
entropy. 

(2) If there exists some extension for which the Poisson and the Krengel entropy 
are equal and finite, then the Poisson entropy of {X, B, fi, T) is equal to its 
Krengel entropy. 

(3) // there exists some factor for which the Poisson entropy is zero, then the 
Poisson entropy of [X, B, fi, T) is equal to its Parry entropy. 

(4) // there exists some factor for which the Krengel entropy is zero, then the 
Krengel entropy of [X, B, fi, T) is equal to its Parry entropy. 

Proof. The first two points are easy consequences of Proposition 17. f I 

To prove the third point, observe that if C is a factor on which the Poisson 
entropy is zero then, thanks to Proposition 17. 11 

h{T*) ^ sup iJ^ {V* I p-^V* V C*) 

which equals 

sup H^{V\T-^V\fC) ^ sup H^{V\fC\T-^{V\JC)) 

VC13,T-^VCV VCB,T-^VCV 

by the same Proposition. Therefore, h (T*) < /ipa (T) and the cquahty foUows since 
Theorem 15.21 gives the other inequahty 

The last point is proven with similar arguments. □ 

We point out that the assertion (4) of Corollarv l7.21 which concerns only Krengel 
and Parry entropy, is implied by 

8. Additivity and scaling of Poisson entropy 

We now show that just as with Krengel's entropy, the Poisson entropy of a sum 
of measures is the sum of the Poisson entropies, and scaling a measure by a positive 
constant scales the Poisson entropy. 

Proposition 8.1. Suppose fi and v are both T -invariant a -finite measures on 
{X, B), and t,s > 0. We have 

h{X*,B*,{t^i + sv)\T^) = s-h{X\B\iJ*,T^)+t-h{X\B\v\T^). 

Proof. Let 

{X,B,\,f) (^X X {0,1}, B X 2^"'i>, x l{o} + x l^ij, T xld^. 

This system is isomorphic to the disjoint union of the two systems {X, B, /i, T) and 
{X, B, V, T). The Poisson suspension of {X, B, A, T) is isomorphic to the product of 
the suspensions of {X,B, fi,T) and {X,B,v,T). Thus, 

h{X*,B\\*X) = h{X* ,B* , ii\T,) + h{X* ,B\y\T,). 

Also, since {X, B, ^ + v, T) is a factor of {X, B, A, T), we have that the suspension 
of {X, B,^j. + v, T) is a factor of the suspension of {X, B, A, T). We thus see that 

h{X*,B*,{fi + iy)*,T^) < h{X*,B*,fi*,T^) + hiX*,B*,i^*,T^). 
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To prove that the above incquahty is actuaUy an equahty, we observe that {X, B, A, T) 
is a boundcd-to-one extension of {X,B,j-i + v,T), and is therefore a zero-entropy 
extension. By Proposition 17.1) it foUows that {X* , B* , X* ,T^,) is a zero-entropy 
extension of {X* , B* , + i^)* 

We have just proved that Poisson entropy is additive and it remains to prove 
that, for any t > 0, 

(5) h{X*,B*,(t-fiT,T,)^t-h{X*,B*,fi*,T,). 

For rational t's, this follows from the above additivity property. If ti < t2, writing 
t2 • M = • M + (*2 - ii) • we get h{X\B\ {t2 ■ lx)\T.) > h[X*,B\ {h ■ y)\T,). 
So t ^ h{X*,B*, {t ■ /i)*,r*) is a monotone increasing function. Equation (O now 
follows for any real t > 0, since a monotone function which vanishes on the rational 
numbers is zero. □ 

This result allows to prove that the Poisson entropy of a squashablc transforma- 
tion is zero or infinite, just as Krengel and Parry entropy (recall that {X, B, /i, T) 
is squashable if it is isomorphic to {X, B, cfi, T) for a positive number c ^ 1 and 
completly squashable if this holds for any positive number c). 

It has been conjectured that stochastic a-semi-stable stationary processes have 
zero or infinite entropy. It is known in the case a ~ 2 which is the Gaussian case 
(see [3]) but remains unknown otherwise. 

However, it has been noticed in [M] that a-semi-stable stationary processes {a < 
2) are factors of Poisson suspensions built over squashable systems (completely 
squashable in the stable case), associated with the Levy measure of the process, 
which hence are of zero or infinite entropy. 



9. Quasi-finite conservative transformations 

9.1. Equality of the entropies. Recall the definition of a quasi-finite transfor- 
mation from [21 (also see [T]): Let {X, B, fj,,T) be conservative measure-preserving. 
j4 G ^ is a quasi-finite set if Hf^{pA) < oo, where pA is the first-return-time parti- 
tion of A: 

PA ■■= 1^ n (t-'^A \ [j T-'^A^ , n > l| . 

{X, B, /i, T) is quasi-finite if there exists a quasi-finite sweep-out set A £ J-. Using 
terminology similar to Aaronson and Park [1], we say that a local partition a 
is quasi-finite if it has a quasi-finite core A, and pA -< ol. We point out that 
conservative transformations which arc not quasi-finite have been constructed in [1] . 

Parry has proved that, for quasi-finite transformations (called "pseudo-finite" 
in [TT]), Krengel's definition of entropy coincides with Parry's. We show that, for 
such transformations, both arc equal to the Poisson entropy. 

Theorem 9.1. Let (X, B^ p, T) be a quasi-finite measure-preserving transformation 
of type IIoo- The Poisson entropy, the Krengel entropy and the Parry entropy of 
{X, B, p, T) are equal. 

Proof. Let a be a local quasi-finite partition whose core A is a sweep-out set. 
Applying Proposition 16.21 we get 



h{X\{a)\p\T,)<h{X,p,T,a). 
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Wc want to show that h{X, ^,T,a) = (ajf | a^). The resuh follows by inte- 
grating ([3]) and by proving the convergence of / (a | a") dfi to / {a \ af^) = 

Jx Jx 
(ag° I af). Remark that, since pA -< a, {a \ a") — I^, (a | aj°) = Q on X\A, 

therefore 

(6) / {a I O = / I^{a\ O d/x. 

By Lemma 14.11 applied to the set A with the restriction of the cr-algebras a and 

a" to A, the right-hand side tends to / I^i,{a\ a^) dp = i (a | aj") dp which 

J A Jx 

gives us the desired convergence. 

Putting things together, we have proved 

h{X*,{a^)\p\T:) <H^{a^ \aT), 

the right hand-side being boimded by /ipa {X, a, p, T) by definition. By Theo- 
rem 15.21 the latter is in turn dominated by h {X* , (a)* ,p*,T^,^. Hence, we obtain 

(7) h {X*, (5)* , p*,n) = Hf, I aT) = hp, {X, a, p, T) . 

Now replace a by in ([7]), where is an increasing sequence of local quasi- 
finite partitions with core A having the property that (q;„)[^ | B. Taking the limit 
in n, we obtain 

h{X\B\p\T,)^hp, {X,B,p,T), 

i.e. the Poisson entropy equals the Parry entropy. At last, the Krengel entropy 
equals the two others since the system is quasi-finite. □ 

9.2. Poisson suspensions of Markov chains. Poisson suspensions of Markov 
chains have been considered by several authors. Grabinsky [B] and Kalikow [7] 
have independently proved that the Poisson suspension of an ergodic, null-recurrent 
random walk is Bernoulli. 

Let S be a countable or finite set, P = {pa,b)a,b£Y: be a stochastic matrix which 
is irreducible and recurrent. As is well-known, there exists a measure g on S which 
is stationary with respect to P, meaning qP = g, and this measure is unique up 
to scaling. The associated Markov shift is the system {X, B, p,T), where X ~ S^, 
T : X ^ X denotes the shift map (T(x)„ = Xn+i), B denotes the Borcl cr-algebra 
of X with respect to the product topology and p is given by 



p{[ai, . . .,ak]) = Qai Y[Pa 



k 

l,ai 



1=2 

Based on the Krengel entropy of recurrent Markov chains and our previous result 
about Poisson entropy of quasi-finite transformations, we have 

Corollary 9.2. The entropy of the Poisson suspension of a recurrent Markov shift 
with transition matrix P = {pa,b)a.b£T. cmd stationary measure q is given by 

(8) /i(X*,B*,//*,T*) = ^g,^p,,,log— . 

14 



Proof. By Krcngcl's formula (Theorem 4.1 of [HI), the Krengel entropy of {X, B, fi, T) 
is given by the right-hand side of Q. By taking the standard Markov partition ^, 
we see that 

Thus, Parry's entropy dominates Krengel's. Hence both are equal. 

Without loss of generality we can assume that the transition matrix is irreducible. 
In the particular case when [X, B, fx, T) is a renewal system (S = N and Pn,n-i = 1 
for all n > 1), the right-hand side of ([8]) is simply the entropy of the first-return-time 
partition of the state 1. Hence, if the Krengel entropy is finite, the renewal system 
is quasi-finite, in which case the Poisson entropy is equal to the Krengel entropy 
by Theorem 19.11 Otherwise, the Parry entropy is infinite, and by Theorem 15.21 
it is equal to the Poisson entropy. Now it remains to note that every irreducible 
recurrent Markov chain has a factor which is a renewal system. Hence, a Markov 
chain is quasi-finite if and only if it has finite Krengel entropy, in which case this is 
also the Poisson entropy. Otherwise, the Poisson entropy is infinite. □ 

In , it is claimed that the entropy of the Poisson suspension of a null-recurrent 
Markov chain is infinite (Proposition 4.3). Corollary [921 together with the existence 
of such chains with finite Krengel entropy (see [9]) contradict this result. The 
mistake in [6] comes from the following incorrect assertion which Grabinsky invokes 
in the proof of Proposition 4.3, to bound from below the entropy of a certain 
partition: If ^ is a Markov partition (i.e. ^ is independent of (,Zla given and 
r] a partition which is measurable with respect to ^, then 77* is a Markov partition 
as well. It would imply, in particular, that given the number of particles in a certain 
Markov state A at time —1, the number of particles in A at time is independent 
of the number of particles in A at time —2. . . 

10. Zero Poisson entropy 

In this section, we prove that some class of cutting-and-stacking constructions 
(including finite-rank transformations) and transformations without a countable 
Lebesgue component in their spectrum both have zero Poisson entropy. It is well 
known that rank one transformations also have zero Krengel entropy, therefore, 
Krengel entropy. Parry entropy and Poisson entropy are equal in this case. 

The construction of a non-quasi-finite transformation in [T] is of this kind, so the 
results of this section do not follow from Theorem 19. II 

10.1. Cutting-and-stacking constructions. A cutting-and-stacking construc- 
tion is an iterative method to present conservative transformations. We briefly 
describe this construction and refer to Friedman's book [4] for details. 

A column of height /i 6 N is an array /i, . . . , of pairwise disjoint intervals of 
the same length, considered as "stacked" one on top of the other. At stage n of 
the cutting-and-stacking procedure, the n-th tower A"„ consists of c„ columns of 
heights {hn,i}i<i<c„ and equal width. The transformation acts by translating each 
interval to the interval above it. At stage n, the transformation is undefined for 
points on the top intervals. At stage n + 1, each column is "cut" into fc„ columns, 
all the columns are "stacked" one on top of the other, and then the newly formed 
column is cut into Cn+i columns. Then some new intervals are possibly added on 
the top of every column. As the length of the intervals at stage n tends to 0, the 
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measure of the points on which the transformation is undefined at stage n tends to 
0. Such a construction is said to have rank one if c„ = 1 for every n > 1, and finite 
rank if {c„} is bounded. 

Denote by e„ the length of the intervals at stage n. Clearly. e„ ^ as n ^ oo. 

Proposition 10.1. Let {X, B, fj., T) be a cutting- and- stacking construction as above. 
^/CnCn log e„ as n oo, then h{X* , B* , fi* ,T^) = 0. In particular, this is the 
case if T has finite rank. 

Proof. Let /?„ = . . . ,/n,c„} denote the set of intervals composing the base of 

the tower at stage n, and let 

denote the corresponding partition of X„. We have ^* C (3* . Since ^„ t -B, f3* T 13*. 
From this, we deduce that /i^.(r*,/3;) t h{X* , B* , n* But hf,*{T^J*) < 

Hfi'if^n) ~ (^nfi^n) ~ — CnEnlogen, wlicrc f (x) dcnotcs the entropy function of a 
Poisson variable with parameter x. □ 

10.2. Spectral criterion. The following proposition and corollary give a spectral 
criterion for positive Poisson entropy. The corresponding result about Kolmogorov 
entropy is well known in the finite measure case. 

Proposition 10.2. // {X, B, fi, T) is of type Uoo and has positive Poisson entropy, 
then its spectrum has a component which is countable Lebesgue. 

Proof. Pick a sweep out set A £ B with small measure in order to have H^- (^q) = 
/ (/i {A)) < h (T,), where is the partition {A, A'^} of X. We now refine the local 
partition by increasing finite local partitions ^„ so that ^„ | B which implies 
/i(T*,^*) t h{T^). Using the continuity of Kolmogorov entropy, the continuity of 
/ and the continuity of fi, we can assume that this increasing sequence ^„ is such 
that 

o<h{T,,Ci)<---<hin,C)<--- 

In the following, for a cr-algebra A C B* , wc denote by (A) the corresponding 
linear subspace of (fi*) of square- integrable ^-measurable functions, and Ut, is 
the unitary operator induced from T,. Denote by £, the first chaos of i-'^- 
the closure of the linear subspace generated by N (A) — /i (A), A G B, ^ (A) < oo. 
The arguments below are classical; we already know that the suspension has a 
countable Lebesgue component in its spectrum, however, to get the result, we 
will sec that a countable Lebesgue component is localized in £ which is unitary 

isomorphic to (p). Set Hi := ((C*)"- oo) ^^'^ note that it is non-empty 

since it contains the functions N (A) — fi{A) ,A G T~^£^i, fc £ N. Remark that 
Urp-iHi C Hi and that we cannot have Urp-iHi = Hi since it would imply that 

(T {Hi) belongs to the Pinsker factor of T*, and, as the factor ^* is generated (as 
(T-algebra) by Un>oUT^Hi = Hi, h {T^,,£^l) = which is a contradiction. Fimctions 
belonging to Vi := Hi Q Uj,-iHi have Lebesgue spectral measure. 

Set H2 := (i^ ((?2)-oo) ne:) n (^i^ (^^*^ nc)^. it is also non-empty since 

Urt>oC^r^' (^L'^ ((S2)-oo) ^ generates ^2 j which is strictly bigger than ^jf because 
h (7*, £,1) < h (T*, ^2)- Moreover, we have Uj.^iH2 C i?2, and once again, we cannot 
have Urp-iH2 — H2 as it would imply that <t {H2) belongs to the Pinsker factor of 
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T*, and this is impossible since the entropy of = V {H2) would be equal 
to that of which is a contradiction. Therefore we can set V2 H2 Q Uj,-iH2, 
which is constituted by functions having Lebesgue spectral measure and satisfies 

Proceeding by induction, we construct an infinite sequence of mutually orthog- 
onal invariant subspaces Unei-UT^Vn of £ on which Ut, has Lebesgue maximal 
spectral type. Thanks to the unitary isomorphism between £ and {^), these 
subspaces can be transferred into L'^ {fj.) and we have proved that T has a count- 
able Lebesgue component in its spectrum. □ 

Corollary 10.3. // the maximal spectral type of T is singular or if T has finite 
multiplicity, then its Poisson entropy is zero. 

We mention that Parry [lOj has shown that a i^T-automorphism has countable 
Lebesgue spectrum. From his proof one can easily obtain that if the maximal 
spectral type is singular or has finite multiplicity, then the Parry entropy is zero. 
Since zero Poisson entropy implies zero Parry entropy, our above corollary refines 
Parry's result. We do not know of a sufficient spectral criterion for zero Krengel 
entropy. 

11. Perfect Poissonian partitions and the Poisson-Pinsker factor 

For a probability- preserving system (X, B, ^, T), the Pinsker factor, denoted by 
V{T), is the maximum factor (T-sub- invariant cr- algebra) with zero entropy. For 
each of the various notions of entropy for cr-finite transformations, we generalize 
this definition: We say that a factor is Pinsker if it is the maximum zero entropy 
factor. We can thus speak of a Krengel-Pinsker factor, a Parry-Pinsker factor and 
a Poisson-Pinsker factor of a conservative transformation. The existence of these 
is not obvious in general. The following proposition gives a sufficient condition for 
Pinsker factors to exist, which we later show to be necessary as well: 

Proposition 11.1. Let {X,B, ^,T) be an ergodic type IIqo system. Assume the 
Pinsker factor V (T*) of the Poisson suspension is of the form V* for some a -finite 
a -algebra V . Then V is both the Poisson-Pinsker and the Parry-Pinsker factor of 
T. Moreover, if there exists a factor with zero Krengel entropy, then V is also the 
Krengel-Pinsker factor. 

Proof. Since V* is the Pinsker factor of T*, for any factor C of zero Poisson entropy, 
C* C V*. Since C is cr-finite, this implies that C C V. This shows that V is the 
Poisson-Pinsker factor of (X, B, fj,, T). 

We now prove that V is also the Parry-Pinsker factor. Assume that C is a factor 
of zero Parry entropy. By Lemma \T2[ we have V* (1 C* = {PDC)*. Moreover, 
a V n C contains no sets of positive finite measure, then {VOC)* is trivial, and 
since V* is the Pinsker factor of (X*, S*, T*), then C* is a iC-system. By a 
well-known disjointness result (for probability-preserving transformations), V* and 
C* are independent. For any two positive and finite measure sets A £ V and B G C, 
we have 

J^^ (7 (A) ~ fi (A)) (7 (B) - {B))fi* (dj) = 0. 

But the left-hand side equals iJ,{Ar\ B), so A and B are disjoint mod. /i. This is 
impossible for all ^ € 7-" and B £ C because it would contradict the fact that V is 
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(T-finitc and T of type IIqo- This shows that V C]C must contain a set of positive, 
finite measure, so by ergodicity it is cr-finite. Thus, PRC is a factor of zero Poisson 
entropy of C. Thanks to Coroharv 17.21 (3). Parry and Poisson entropy coincide on 
C and since the first one is zero, the second one is zero. This imphcs that C <Z V. 
Hence V is also the Parry-Pinsker factor. The statement about Krcngel-Pinskcr 
factor is proved in the same way, using Coroharv 17.21 (4). □ 

Recall that a tr-algebra ^ for an invertible probability-preserving system (fi, JT, m, T) 
is called a perfect a -algebra if T'^^ cii,^=B,h{T) = | T-^£) and 

OO 

n=0 

In fact, if the entropy is finite, the last condition is a consequence of the others 
as it is proved in the following lemma. The ingredients are similar to the proof of 
Rokhlin-Sinai' Theorem, as appearing in [12j . page 69. 

Lemma 11.2. Assume {fl, J-,m,T) is an invertible probability-preserving system. 
IfT-^^ C C = S andh{T) = i/™ | T-^() < oo, then 

OO 

f]T-^^ = P{n,T,m,T). 

n=0 

Proof. Let a„ be a sequence of finite entropy partitions increasing to ^. Since 
h (T) = H,n (C I r-i^), we have 

h (T, a^) = H,n (an \ (a„)I^^ ^ h(T) . 

Since Hm {ctn \ T~^£_) also converges to h{T), passing to a subsequence, we can 
assume 

Hni (ctn I (an)lL) ^ ^rn | T^^O ^ 

OO oo 

Let C C P|T-"^. It follows that C C T""^. Applying the formula (Theorem 

n=0 n=0 

8, page 66 in [H]), 

/i (T, V C) = h (T, C) + H„, (/3 I C V (3ZI) 

we obtain 

H,n (c I cL) = H,n (c V a„ I cL V (a„):L) - H,n (a„ i c V («„):L) 
< ij,„ (a„ I (a„):^)+i/,„ (c I (a„):L)-ffm K I ^"'0 < Ti+Hm (c I («rO:L)' 

which goes to zero as n tends to infinity. Therefore, 

h(Tx) = and C e 

oc 

'P{n,T,m,T). We thus proved that Q T""^ C V ,m,T). The other in- 

elusion is a consequence of Theorem 13 page 69 in [12], which states that for any 
increasing sequence of strictly invariant cr-algebras S„ t -^i then 

Bn n V (17, m, T) T V {n, T, m, T) . 
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Indeed, applying this result with Bn := a^, we get that 

S^nP{n, T, m, T) T V {n, T, m, T) . 
Moreover, since q;„ is a finite entropy partition, 



oo 



fc=0 



oo 



which is included in || T because q;„ C ^ for any n. It follows that V{fl,J-, m, T) C 



Let us introduce the following definition: A cr-finite cr-algebra A is said to be 
entropy determining (ED) if T~^A C A and A* is perfect with respect to the factor 
it generates. Observe that on the factor generated by an ED cr-algebra A, Parry 
and Poisson entropies coincide: 



The class of ED cr-algebras plays the same role as finite-entropy partitions do in 
the finite-measure case. 

We are now ready to prove a "Poisson analogue" of the Rokhlin-Sinai Theorem 
regarding Pinsker factors of probability-preserving transformations. We recall that 
T is remotely infinite if there exists a cr-finite sub-cr-algebra a such that T~^a C a, 
T'^a t B and T^"q! j Q (mod. /i) where Q has no set of positive finite measure. 
Also recall that a probability-preserving transformation is a iiT-system if and only 
if there exists a sub-invariant generating cr-algebra with a trivial tail. The notion 
of remotely-infinite system can be considered as an infinite-measure analogue of 
a probability-preserving A'-system. The Rokhlin-Sinai Theorem tells us that a 
probability-preserving transformation is a AT-system if and only if the trivial factor 
is the only factor of zero entropy. 

Theorem 11.3. Let {X, B, fJ.,T) be an ergodic system of type IIoo- Assume there 
exists an ED partition A such that H^[A \ T^^A) < oo. Then 

• there exists a generating ED partition (in particular hpa (T) = h (T^) ). 

• T is either remotely infinite orV (T*) is Poissonian: V (T*) = V* for some 
a-finite T -invariant a-algebra V . In the latter case, V is the Poisson (and 
Parry) Pinsker factor of T . 

Proof. Let ^ be a finite local partition with a sweep-out core A ^ A. We first show 
that V ^ is also an ED cr-algebra. 
On the one hand, we have 



= H,' (((^"p)*)I I ((^*)o I A*) 

n / g 



oo 




□ 



n=0 



hp.{T,A) < h{T,,A*) = H^.{A*\T-^A*) = H^{A\T-^A) < hp,{T,A). 



k=l 



+ nH^, {A* I T-^A*) . 
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Dividing by n, this tends to 

H,' ({e,y I ({^-pYT V X* ) + H,, {A* I T-U*' 



' k-1 



Since A is ED, the second term equals h{T^,A*). Thus the previous expression 
equals /i(rH,,(e%)*V^*). 
On the other hand, 

H,{{ep^A);\A) 

= (e% WA\A)+ J2H^. I {Cp V A) 

k=l \ 

= H, {e, WA\A)+ j^H, I T^- V A) 

k=l \ 

= H,, (^p V ^ I X + X^H^ I T^- V ^) 
fe=i \ 



\jT^{e-pyA)^ yA 

\jT^Cp yT^'^A 



.3=0 



H, {f-p yA\A)+ j2h, (ep V A {eS-k ^ t-'a) , 



fe=l 



which, divided by n, tends to (^°^ V A | T^^ {^'^^ V yl)). 
But observe that 



Therefore, we have for all p 

h (r„ {e^y V < if,, (^oo V ^ I r-i (e^^ V ^)) 

^H,J{e^yAy\T-^e^yAy 



and we deduce that 

But n is non-empty (since it contains A), and as T is IIoo, it is also non 
atomic. Therefore, {£.1^)* V A* = (C°oo V X* by Lemma [231 and 

h (t., (^oo V ^)*) < i?,. ((^oo V AY I (^oo V ^)*) . 

Since we have the other inequality, we can conclude that 

h (t„ (^oo V ^)*) = H,, Ueoo V Ay- 1 {Coo vAy)<^ 



thus ^° ^ V ^ is ED. 

Using this preliminary result, by considering an increasing sequence (^fc) of finite 
local partitions with core A such that £,k T we build an increasing sequence of 
ED partitfons ((Cfc)'ioo V ^) ■ 
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By definition, cacli y{£,k)'^_oo ^ -^j ^ perfect cr-aigcbra for the corresponding 
factor. In particular, Hn ^*"" ((?'i:)-oo ^ ^ zero-entropy factor of T*. As 

/i(t*,((6)°^V^)*) is finite for all k, we can inductively define a sequence 
?/fc = ?/fc-i V 7^^"*= ((Cfe)-oo V ^) where the integers {n^} are chosen so that 

whenever i < j. Proceeding as in page 69 of |12j . we obtain that rj := Vfc>i Vk is a 
perfect cr-algebra for . We have to show that 77 is indeed a Poissonian cr-algebra. 
Observe that T-"" {{^k)-oo V ^)* = (T""*- ((^fc)" ^ V A))* and thus 



{T-''Hi(^ too vA)y 



3=0 



For any fc > 0, T-"" ((^o)-oo V yl) is non-atomic and for any j < fc, T-"" ((^o)-cx) V yl) C 
r-"^ ((Cj)"-oo V yt). We can apply Lemma[23]to get 



Setting ak = Vj=o ((Cj)-oo V^) and a = Vfc>i«fe, then afc t « and so 
T^fc = I a*. We conclude that 77 = a*, and so a is a generating ED partition. 

Using the fact that 77 is a generating perfect cr-algebra, and applying Lemma l2.4[ 
we obtain 



In case PlJ^o T^'^a is cr-finite, 'P{T^) is indeed Poissonian. Otherwise, by ergodicity 
of T^i nj^o contains no set of positive finite measure, and T is remotely 

infinite. □ 



We remark that whenever [X, B, fi, T) is of type IIoo, but not necessarily ergodic, 
by the ergodic decomposition we can uniquely decompose /z = /Lto + Mi where ^1 
and /X2 are mutually singular and both are T- invariant, {X, B, fj,o,T) is remotely 
infinite and {X,B, ^i,T) has a Poisson-Pinsker factor as above. 

Concluding this section, we state the following proposition, which along with 
Proposition 111.11 and Theorem 111.31 completes the picture about Poisson-Pinkser 
factors: 

Proposition 11.4. Let (X, B, fi,T) be an ergodic Woo-system with a zero Poisson 
entropy factor A. Then there exists a generating ED partition. In particular, 
(X, B, ^, T) possesses a Poisson-Pinsker factor V and V* is the Pinsker factor 
ofT,. 

Proof. A is an ED partition which satisfies H (^A \ T^'^A) = therefore, this a 
direct application of Theorem 111.31 □ 
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12. Some more results, remarks and questions 



The conclusion of Proposition 111.41 above yields a natural question: Does the 
non-triviality of the Pinsker factor of T» imply the existence of a Poisson-Pinsker 
factor for T? Wc can only partially answer this question: 

Proposition 12.1. Assume T is an ergodic llao-system which satisfies h{T^) = 
hpa{T) < oo. If V (T^) ^ {X*,0} then T possesses a Poisson-Pinsker factor V 
and V* =V{n). 

Proof. First we are going to show that 

(9) /ipa (T) = sup {i/ {A I T-^A) , A c T-^A, 1 = . 

It is based on the following observation: Consider an increasing cr-algebra A, such 
that A B, a set A € A and a finite local partition ^ such that AV £, = B (the 
existence of such a partition is ensured by Theorem 2.5 in [2] , as the extension 
B A has finite relative Poisson entropy and therefore finite relative Krengel 
entropy by Proposition 17. ip . From earlier computations, we have 

^H,.{{ie,ryA*)l\A*) 

and 

hH,' {{{e,ryA*)l I A*) < ^H, {{e.^A); \ a) 
->H,{e^yA\T-^{e^yA)) 

as n tends to infinity. Therefore {A \ T'^A) < {S^oo V ^ | T'^ (^^ ^ V A)) 
which means that for any increasing partition, we can find a generating partition 
with a greater entropy. This proves 

Let A be an increasing and generating tr-algebra. By Lemma 12.41 we have 

{^A^ = A* = B*, and as V (T^) is included in the remote past of every gener- 
ating increasing cr-algebra, we have V (T*) C n„>oT-"A*. Since P (T*) 7^ {X*, 0}, 
T := n^^j,_i_^ ^^gn„>oT^".A possesses at least one set of non zero finite measure 
and therefore is a cr-finite factor. Now, ^ reads 

/iPa (T) = sup {iJ {A I T-^A WT),Ac T-^A, ^ = . 

Thanks to Proposition [LH sup |i/ {A \ P-^A VT) ,Ac P^^A, ^ = is the rel- 
ative Poisson entropy of P with respect to T. But since h (T*) — /ipa (P) < 00, we 
deduce that h {P^,,T*) = 0. Wc can now apply Proposition [TL4l O 

Corollary 12.2. Assume {X,B,fi,P) is of type 11^ and h{P^) = hpaiP) < 00. 
Assume that f £ L^(X,^) is a function such that cr({/ o T"}„gz) = B and f has 
singular spectral measure. Phen h{P^) — 0. 

Proof. Since / has singular measure (under T), so has the centered stochastic in- 
tegral /* (under T*) (i.e the image of / under the natural isomorphism between 
(l^i) and the first chaos of (/^*))- Therefore /* is measurable with respect to 
7'(r,), so we deduce V (P^) {X*,0}. Applying Proposition [1231 wc get that 
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V (T*) is a Poissonian factor. But the smallest Poissonian factor generated by /* 
is the whole cr-algebra B* (as B is the factor generated by /) and this ends the 
proof. □ 

An immediate consequence of Proposition 1 1 1 .41 is the following: 

Corollary 12.3. If two llao -transformations {X, Bi, fii,Ti) have zero Poisson en- 
tropy for i = 1,2, then so does any joining of them. 

Proof. Let {X, B, v, T) be a joinning of /ii and /i2. By Proposition lll.41 {X* , B*,i'*,T^, 
has a Poissonian Pinsker factor, which contains (the puUbacks of) the cr-algebras B* 
for i = 1, 2. The smallest Poissonian cr-algebra which contains these is {Bi V B2)* ~ 
B*. Thus {X, B, ly, T) is its own Poisson-Pinsker factor. □ 

Except for those cases where the Krengel and Parry entropies coincide with Pois- 
son entropy, we do not know whether the statement corresponding to Corollarv ll2.3l 
holds with Krengel or Parry entropy. 

We now state a "strong disjointness" result: 

Proposition 12.4. If {X, B, fi, T) has a zero Poisson entropy factor and {Y, C, S) 
has not, then they are strongly disjoint. 

Proof. By Proposition lll.4[ the Pinsker factor of is Poissonian. In the proof 
of Proposition 111.11 we proved that in this situation any factor of T has a a- 
finite intersection with its Poisson-Pinsker factor, thus has a zero Poisson entropy 
factor. □ 

Having already used results about relative entropy from [2] in previous sections, 
we formulate another couple of results about Poisson suspensions related to this 
paper of Danilenko and Rudolph: 

Proposition 12.5. Let {X, B, fj,,T) be an ergodic Uoo-system with a Poisson- 
Pinkser factor V . Then T is relatively CPE (complete positive entropy) and there- 
fore relatively weakly mixing over V. 

Proof. It is a consequence of the existence of a relative Pinsker factor with respect 
to a factor A (see Definition 1.5 in [2]), which is the maximum factor such that 
any extension with respect to A has zero Krengel entropy. Assume T admits V (T) 
as Poisson-Pinsker factor. From Proposition 17.11 relative Poisson and Krengel 
entropies coincide and thus give the same relative Pinsker factor. But this means 
that the relative Pinsker factor over V (T) is P (T) itself. This proves T is relatively 
CPE over V{T). As the maximum distal extension has zero Krengel (and then 
Poisson) relative entropy, it is also contained in V(T). Thanks to the infinite 
Furstenberg decomposition (Proposition 4.2 in [5]), T is relatively weakly mixing 
over 7' (T). □ 

In [2] it is proved that a probability-preserving transformation S is distal if and 
only if T X S* is a zero entropy extension of T, whenever T is a conservative measure- 
preserving transformation. Translating this result into the Poisson framework yields 
the following criterion for distality: 

Proposition 12.6. A probability-preserving transformation S is distal if and only 
if, for any conservative measure-preserving transformation T, if the Poisson sus- 
pension has zero entropy, then so does the Poisson suspension (T x S)^. 
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Wc now apply our previous results to a question of Aaronson and Park from [T] , 
about the existence of a Krengel-Pinsker factor for quasi-finite transformations. 
First, we note that the assumptions of Theorem lll.3l hold in particular for quasi- 
finite systems: 

Corollary 12.7. Let T he an ergodic quasi-finite system (X,B, fi,T). Either it is 
remotely infinite or there exists a Poisson-Pinsker factor, which is also a Parry and 
Krengel-Pinsker factor. 

Proof. Let A g S be a quasi-finite sweep-out set and let ^ := {A,X \ A} be the 
local quasi-finite partition induced by A. Observe that the left-hand side of ([6]) is 
bounded by the entropy of the return times partition on A, thus H | T~^^^_^^ 

is finite. It follows from Q and Lemma [11.21 that is ED. The assumptions of 
Theorem 111.31 are thus satisfied. 

If there is a Poisson-Pinsker factor 7-", it is also a Parry-Pinsker factor by Propo- 
sition 111.11 To prove it is also a Krengel-Pinsker factor, we have to prove there 
exists a zero Krengel entropy factor. But if A is the factor generated by ^, then 
Poisson and Krengel entropy coincide on this factor and are finite. Moreover, as 
in the proof of Proposition 111.11 A^V \s cr-finite, therefore we can consider the 
extension ACiV to A where relative Poisson and Krengel entropies coincide thanks 
to Proposition 17.11 Since ADV has zero Poisson entropy, it is also the case for 
Krengel entropy and we are done. □ 

Corollary 112.71 generalizes a result of from [l] about the existence of a Krengel- 
Pinsker factor for a special class of quasi-finite systems called LLB. We do not 
know if the conclusion of this corollary is true without the assumption that T is 
quasi-finite. 

Since we do not know that a factor of a quasi-finite system is itself quasi-finite, 
we cannot conclude that the remotely-infinite property is inherited by factors in 
the quasi-finite ergodic case. However, this is the case for LLB systems which 
are shown to be LLB on any of their factors (see [l] again). As a consequence of 
Theorem II 1.31 we get: 

Corollary 12.8. // T is LLB and remotely infinite, then any factor S of T is 
remotely infinite. 

The main open question left at this point, as stated in the beginning, is the 
following: Are Krengel, Parry and Poisson entropies equal for every conservative 
measure-preserving transformation? 

At this time, we cannot answer even the following questions: Is there an in- 
equality between Poisson entropy and Krengel entropy which holds in general? Are 
the properties of having zero Poisson entropy and having zero Krengel entropy 
equivalent? 

Related to this is the following question from [2]: Does any conservative trans- 
formation have a factor with arbitrarily small Poisson/Krengel entropy? A positive 
answer to Danilenko and Rudolph's question would imply a positive answer to our 
main question. However we do not even know if there always exists a factor with 
finite Poisson or Krengel entropy. 
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